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The magnetization of amorphous sputtered films of a-R,Co;_,, with x & 0.25 and R = Dy, Tb, or Tm, is
investigated by magnetometry, anomalous Hall effect, and magneto-optic Kerr effect to understand how the
magnetic structure of the films is influenced by temperature and the quadrupole and higher multipole moments
of the rare-earth charge distribution. Square magnetic hysteresis loops with perpendicular magnetic anisotropy
and divergent coercivity that reaches 3.5 T in the vicinity of the compensation temperature Toy, are observed
at 175 and 200 K for Dy and Tb films, respectively, but the coercivity in Tm films never exceeds 0.5 T and
shows no divergence near the compensation at 50 K. The temperature dependence of the net rare-earth moment
is inferred from the cobalt moment of soft ferromagnetic a-Y,Co;_,. The magnitude of the second-order random
anisotropy energy exceeds the antiparalle] R-Co exchange coupling for all three rare earths. The negative
quadrupole moments of Dy and Tb lead to random easy-axis anisotropy with large coercivity. The positive
quadrupole moment of Tm favors random hard-axis anisotropy where each Tm has an easy plane. The resulting
sperimagnetic ground states are modeled by a distribution of rare-earth moments within a cone of half-angle
6y whose axis is antiparallel to the ferromagnetic axis of cobalt. The reduced moment (J;)/J at T = 0 is
calculated from a one-atom Hamiltonian as a function of «, the ratio of uniaxial anisotropy to exchange energy
per rare-earth atom for different angles 6 between the local anisotropy axis, and the ferromagnetic Co axis.
Extrapolated values of (J,)/J are ~0.75 at low temperature for both Dy and Tb, with a sharp increase <10 K
attributed to higher-order multipole moments. The hard-axis random anisotropy resulting from the positive
quadrupole moment of Tm leads to a larger low-temperature value of (J;)/J = 0.84. On increasing temperature,
the magnitude of the rare-earth moment and the local random anisotropy that creates the sperimagnetism are
reduced; the cone angle narrows, but the noncollinear structure persists well above room temperature for Dy but
not for Tb, a difference related to the opposite signs of their hexadecapole moments. A temperature-dependent
spin-flop field observed near compensation in a-Dy,sCoys extrapolates to 2.0 T at Teomp, a remarkably low value
that is associated with the nonrigid character and high transverse susceptibility of the frustrated Dy subnetwork.
An x-ray photoemission electron microscopy investigation of partial single-pulse all-optical switching in a 10 nm
a-Dy,5Coys film as a function of temperature establishes that the process is stochastic, and unrelated to
inhomogeneities in the films. The size of the sperimagnetic domains in the unmagnetized state is ~200 nm,

<300 K.

DOI: 10.1103/yzfd-jqvx

I. INTRODUCTION

Interest in the magnetism of amorphous alloys of rare
earths with iron or cobalt dates back to work in the 1970s
and 1980s on crystalline rare-earth intermetallic compounds,
which were studied in an effort to understand the relevant
exchange and crystal-field interactions [1,2]. That research,
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which led to the discovery of Nd,Fe 4B [3], was spurred
by a demand for cobalt-free permanent magnets in the af-
termath of the 1976 cobalt crisis when the best permanent
magnets, Sm-Co and Alnico, were both Co based. Metal
evaporation and sputtering techniques were then being per-
fected to produce thin films of the amorphous counterparts.
A wealth of experimental information was acquired on their
magnetism [4], and a classification scheme for the collinear
and noncollinear amorphous magnetic structures was pro-
posed [5]. An early focus was to develop perpendicular
media for magneto-optical data recording [6] based on Curie
point or compensation point writing, for which amorphous
ferrimagnetic GdgsFe 656C00.094 films were optimized [7].
They were later found to exhibit helicity-dependent all-optical
switching [8], and repetitive single-pulse all-optical toggle
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FIG. 1. Schematic magnetic structures of amorphous alloys: (a)
ferromagnetic a-YCos and (b) ferrimagnetic a-GdCos, and (c) speri-
magnetic a-DyCos.

switching independent of photon helicity (SPAOS) discov-
ered in 2012 [9] was a fast thermal response of the film to
irradiation with subpicosecond laser pulses. The same effect is
found in binary amorphous a-Gdg 30Cog 79 films [10] but not in
Gd-free a-Dy( 5C0¢ .75 or a-Tbg25C0q.75 films, where partial
single-pulse all-optical switching is observed only for the first
few pulses [11]. (In this paper “a-” is used to denote an amor-
phous alloy). Complete one-shot switching of a-Tbg24Coy 76
could be achieved in microdots with microantennas [12] or in
a 1.5 T bias field [13].

The amorphous alloys of Co with a heavy rare earth Gd,
Tb, Dy, Ho, Er, or Tm have a ferrimagnetic compensation
point Teomp below or close to room temperature when the
ratio of rare-earth (R) to Co is ~1:3 [4,7,14—-17]; the com-
pensation can be tuned by varying the rare-earth content x
in a-R,Co;_,. Although Gd alloys are collinear ferrimagnets
[7,14], Dy atoms in a-DyCoj3 were shown by '®' Dy Mossbauer
spectroscopy to adopt a noncollinear structure at low tempera-
ture [17] related to the random local electrostatic fields acting
on the electric quadrupole moment of the incomplete Dy 4 f
shell, which produces local random easy-axis anisotropy. The
resulting noncollinear ferrimagnetism, known as sperimag-
netism, was modeled by a uniform distribution of rare-earth
moment orientations within a cone of half-angle 6, aligned
antiparallel to the cobalt magnetization direction (Fig. 1).
We recently reported that amorphous alloys of Co with Y, a
nonmagnetic rare earth, are soft ferromagnets, with negligible
hysteresis [18].

Recent studies of a-R,Co;_, films, R = Gd, Tb, Dy,
relevant to the present work include investigations of the speri-
magnetism [19-21], determinations of the atomic moments by
x-ray magnetic circular and linear dichroism [22,23], reports
of a bulk Dzyaloshinskii-Moriya interaction in a-GdFeCo
[24], and a skyrmion lattice in DyCoj [25,26]. More generally,
there has been a recent revival of interest in these materials in
the context of ferrimagnetic spintronics [27], where ultrafast
longitudinal spin dynamics in the picosecond range under-
pins all-optical switching, and large anisotropy fields in the
vicinity of Teomp facilitate fast transverse spin dynamics and
high-speed domain-wall propagation.

As a prelude to reinvestigating the magnetism of the amor-
phous R-Co alloys with a heavy rare earth, we examined the
magnetism of the a-Y,Co,_, series [18], where yttrium serves
as a nonmagnetic proxy for the 4f rare earths. Lanthanum
49 has also been used in this context [19]. Films with a wide
range of composition 0 < x < 0.55 covered the appearance
of magnetism at x = 0.5. A focus on compositions with x ~
0.25, an Y:Co ratio of 1:3, where the volumes occupied by

Y and Co atoms in the structure are almost equal, revealed
that the cobalt in a-Y(,5Co0p7s has a large orbital moment
of 0.31 ug and a random local anisotropy of 5.2 K/atom
(3.2 MIm™3), yet the alloy is a soft ferromagnet because of
anisotropy averaging in the Co exchange field [18]. The Co-
Co exchange is greater in the amorphous state than it is in the
crystalline state, and the Curie temperature of pure amorphous
cobalt (if it existed) has been predicted to be ~2000 K [28,29].
The ratio of exchange energy to local anisotropy energy of a
Co atom in a-Y( 25Coq 75 is 220. We show here that exchange
averaging is ineffective for heavy rare-earth alloys because of
the much stronger local random easy- or hard-axis anisotropy
of the 4f atoms and the weaker exchange field acting on the
rare earth, which tends to follow the local easy directions for
Dy and Tb and avoid the local hard directions for Tm, lead-
ing to distinct coercivity and random noncollinear magnetic
structures.

All three amorphous rare-earth cobalt systems are
sperimagnets, but there are substantial differences related
to the sign of the 4 f quadrupole moment, which we explain.
These include the narrower angular dispersion and larger
reduced moment of Tm, its modest coercivity that does not
diverge at compensation, as it does for Tb and Dy, and the
large transverse susceptibility of the rare-earth subnetwork
after spin flop near compensation. The role of higher-order
terms in the random local crystal field acting on the rare
earth is discussed. By local crystal field, we mean the local
electrostatic field acting on a particular 4 f atom.

II. THIN FILMS

A first series of films of a-R,Co;_,, with R =Dy or Tb and
x ~ 0.25, were grown in Dublin on oxidized silicon wafers
by DC sputtering from separate 50 mm rare-earth and cobalt
targets using a Shamrock sputtering system with a base pres-
sure of ~8 x 107 Torr. No metallic Pt or Ta underlayer or
overlayer was used. Films were capped with a 2—4-nm-thick
layer of SiO; or Al,O3 to protect them from oxidation. Tb
and Dy were chosen because they are the heavy rare earths
with the largest negative quadrupole moments [30], which
are needed for local easy-axis anisotropy in the amorphous
R-Coj3 atomic environment. Film composition was chosen to
favor perpendicular net anisotropy and ensure that compensa-
tion occurs below room temperature where the ferromagnetic
magnetization of the cobalt subnetwork is practically tem-
perature independent. The concentration x was determined
from the calibrated deposition rates from the individual tar-
gets. Films were characterized by wide- and small-angle x-ray
scattering using a Philips Panalytical X pert Pro diffractome-
ter and reflectivity software to determine the thicknesses,
roughness, and density of the film and cap layers [18]. Films
were characterized magnetically by superconducting quantum
interference device (SQUID) magnetometry, magneto-optic
Kerr effect (MOKE), and anomalous Hall effect (AHE) mea-
sured by the van der Pauw method.

A difference noted between a-Dy,Co;_, and a-Tb,Co;_,
is that the Dy films were stable in ambient conditions for a
year or more, whereas the Tb films began to deteriorate after
about a month. This may be related to the different oxides
associated with the two rare earths. Dy forms a sesquioxide
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TABLE I. Room-temperature structural and magnetic data on the first series of amorphous thin films.

Capping Capping
Main layer Main layer Main layer layer layer
Chemical thickness roughness density  Capping thickness roughness H;
Number  formula (nm) (nm) (g/cm?) layer (nm) (nm) M, (kKA/m) Teomp (K) (kA/m) H. (mT)
1 Dy.25C00.75 10.3 1.2 9.2 SiO, 33 0.9 173.0 180 - 48.2
2 Dy.25C00.75 8.8 1.0 9.0 AL O; 32 1.0 148.5 175 - 73.0
3 Dy.25C00.75 10.5 1.6 8.2 Si0O, 4.6 0.8 223.0 200 - 33.6
4 Tbo25C00.75 17.1 1.6 8.0 SiO, 4.5 1.5 106.0; 26.8* 200 - 295.9
5 Tby25Co00.75 20.0 1.7 72 SiO, 4.6 0.8 120.0; 50.7¢ 180 - 253.6
6 Tbo20C00.50 19.7 0.6 8.6 AL O3 1.5 0.5 375.0 20 - 34.0
7 Y.25Cop.75 8.8 1.0 6.5 SiO, 2.0 0.8 705.4 647.0 <1.0
8 Y.25Cop.75 19.0 1.3 6.5 SiO, 2.0 1.5 721.7 598.4 <1.0

2 Anhysteretic soft component.

like most other trivalent lanthanides, but Tb forms a higher
oxide TbsO7, which is a mixture of phases containing trivalent
4f% and quadrivalent 4f7 terbium ions [31]. Data on the
materials of most interest from the first series are listed in
Table I, including two a-Y »5C0y 75 films for comparison [18].

The a-Tmg5Coq75 film reported here was grown by RF
magnetron sputtering (Alliance Concept—DP850) in Greno-
ble. Tm was selected because it has a large atomic moment,
like Dy or Tb, but a positive quadrupole moment which fa-
vors local hard-axis/easy-plane anisotropy in the amorphous
environment. The film, of thickness 89 nm, was grown on an
oxidized Si wafer and capped with a Ta layer of thickness
2.2 nm. The thickness of the layers was determined by
profilometry performed on reference samples. The magnetic
properties were characterized by SQUID-VSM magnetom-
etry, and no Bragg reflections from Co or any R-Co

intermetallic phases were seen by x-ray scattering in any of
the diffraction patterns except for pure Co in the first series.

III. RESULTS

Our initial focus here is on films exhibiting square magne-
tization loops and perpendicular magnetic anisotropy.

A. Dysprosium alloys

The first series of amorphous a-Dyg,5C0q 75 alloys was
prepared with a range of thickness from 5 to 94 nm, and
magnetization was measured both parallel and perpendicular
to the film plane. Perpendicular anisotropy was found only in a
narrow range of thickness ~10 nm. These alloys exhibit mag-
netic compensation ~175 K, where the 4.9 u; moment of the
cobalt subnetwork measured in a-YCosz was practically con-
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FIG. 2. Some representative hysteresis loops of a-DyCos. Top row: Measured at 300 K by (a) superconducting quantum interference device
(SQUID) magnetometry perpendicular to the film plane, (b) anomalous Hall effect (AHE), and (c) magneto-optic Kerr effect (MOKE). Bottom
row: Measured by SQUID magnetometry at (d) 10 K, (e) 150 K, and (f) 210 K.
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FIG. 3. Coercivity for a-Dy(,5Co¢ 75 showing divergence at the
compensation temperature of 175 K. Data points are obtained by
superconducting quantum interference device (SQUID) magnetom-
etry or anomalous Hall effect (AHE). A magneto-optic Kerr effect
(MOKE) point at 300 K is included. AHE loops taken below and
above compensation are illustrated in the lower panels.

stant from 4 to 300 K on account of the high Curie temperature
[18]. Hysteresis loops measured using different techniques are
shown in Fig. 2. The plot in Fig. 3 of the coercivity taken
from magnetization and anomalous Hall loops as a function of
temperature illustrates the divergence at Tiomp. Compensation
is accompanied by reversal of the sign of the Hall loops.
The AHE, like the Kerr effect in amorphous rare-earth cobalt
alloys, arises more from the cobalt magnetization [32] rather
than the rare-earth 5d/6s conduction electrons because the
magnitude of the effect depends little on the alloyed rare-
earth atom or temperature [33]. A recent report on the AHE
in crystalline GdCo; and GdCos intermetallics suggests that
rare-earth and cobalt contributions of opposite signs reinforce
each other in the crystalline ferrimagnetic structures [34].
The magnetic moment m in Bohr magnetons per a-DyCos
amorphous formula unit is plotted in Fig. 4, considering the
sign change at compensation. The axis on the right indicates
the net moment per dysprosium atom, if the contribution of
the cobalt subnetwork remains constant at 4.9 ug; the net Dy
moment must have this value at Teomp. There is an upturn in
remanence <50 K, which is associated with a high-field linear
term in magnetization up to saturation which appears only at
low temperature in Fig. 2(d). The remanence and saturation
curves diverge significantly when K, the net anisotropy of
the film, is no longer sufficient to maintain the magnetization
perpendicular to the film plane. The bulk anisotropy energy
of the thin film was estimated as 20 kJ m~3 at 50 K from the
maximum magnetization where the hysteresis loop remains

L B B B B B

0 100 200 300 400
T (K)

FIG. 4. Magnetic moment per DyCo; formula unit in a-
Dyg.25Coq.75, considering the change of sign at Tiomp. The average
moment per dysprosium atom is marked on the right-hand scale. The
solid line is a fit to the data based on Eq. (2) with negative BY.

square (see also Sec. IV B) and a similar value 28 kJ m~3 was

deduced from the 375 mT saturation field M in the hard-axis
magnetization curve at 300 K using the relation K = %BaM 5.
The atomic moment per dysprosium atom in the alloy is
10.4 ug (10 pg from J = % and a Landé g factor g, = ‘3‘ with
an estimated contribution of 0.4uy from the 5d/6s electrons).
The extrapolated moment is 7.2 pgz/Dy, which corresponds to
a cone half-angle of 65°.

A 10 nm DyCos film that exhibited partial single-pulse
all-optical switching [11] was selected for an x-ray photoe-
mission electron microscopy (XPEEM) investigation on the
UE49 PMGa SPEEM beamline at the BESSY II Synchrotron
facility at Helmholtz-Zentrum Berlin. Details are given in
Secs. IVE and S1 in the Supplemental Material [35].

B. Terbium alloys

The a-Tbg,5Cop .75 films studied were ~20 nm thick and
exhibited perpendicular anisotropy (Fig. 5). Most of them
show a sharp increase of magnetization in their SQUID hys-
teresis loops close to remanence; there is an example in
Fig. 5(d). Remarkably, there is never any trace of this soft
phase in either Hall or Kerr hysteresis loops, which are shown
for the same film at 300 K in Figs. 5(e) and 5(f). This is
explained in Sec. S2 in the Supplemental Material [35].

A plot of the coercivity of a-Tbg 5C075 as a function of
temperature shown in Fig. S3 in the Supplemental Material
[35] is very similar to that of a-Dy »5C0q .75 in Fig. 3. It tends
to diverge at the compensation temperature of ~200 K, where
a thermal scan of remanence crosses zero (Fig. 6). There is
no pronounced appearance of a component with a high-field
slope at low temperature, possibly because the Tb films have
greater perpendicular anisotropy. The low-temperature satura-
tion magnetization of the Tb atoms is 6.9 pj.

C. Thulium alloys

In-plane magnetization curves of the a-Tmg»5Cog 75 film
are plotted in Fig. 7. Due to shape anisotropy, the magneti-
zation is in-plane at 300 and 200 K, and it begins to rotate
toward the perpendicular direction at 100 K. Interpolation
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FIG. 5. Magnetization loops of a sample of a-Tbg,;Co79 (top row, film 6) and a-Tby,5Cop75 (bottom row, film 5) measured by
superconducting quantum interference device (SQUID) magnetometry (left), anomalous Hall effect (center), and Kerr effect (right). The
step at remanence is seen in some SQUID loops but never in the Hall or Kerr loops. All measurements are made at room temperature.

between 100 and 70 K indicates that the spin reorientation is
complete at 85 K; the magnetization of 180 kA m~! becomes
perpendicular and remains so down to 5 K. Compensation is
at 50 K, but coercivity never exceeds 0.5 T. The perpendicular
anisotropy constant K deduced from the magnetization where
the spontaneous spin reorientation occurs is K = %MOMZ =
23 kJm~3. Above 100 K, shape anisotropy dominates, and the
magnetization lies in-plane, as it does at all temperatures in
a-Y,Co;_, [18].

The magnetization in Bohr magnetons per a-TmCos for-
mula unit is plotted in Fig. 8. The cobalt magnetization is
taken from a-YCos to be 4.9 uy and essentially constant below
room temperature. The temperature dependence of the aver-
age Tm subnetwork moment is also indicated in the figure.
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FIG. 6. Magnetic moment per TbCo; formula unit in a-
Tby.25Cop.75, considering the change of sign at Ti,m,. The average
moment per Tb is shown on the right-hand scale. The solid line is a
fit to the data based on Eq. (2) with negative BY.

The low-temperature magnetization of Tm is 5.8 ug. The 4 f
magnetic moment of the Tm atom is 7.0 g, giving (J;)/J =
0.83 at 5 K and 6y = 47°.

IV. DISCUSSION
A. Random local electric fields

The product of the quadrupole moment of the 4 f shell and
the diagonal local electric field gradient that depends on the

Stevens operator (‘)(2’ = szz —J(J + 1) is just 5% greater for
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FIG. 7. Magnetization curves of a-Tmg,5Cog75s with field ap-
plied in-plane. The anisotropy is perpendicular to the film plane
<85 K. Compensation is at 50 K.
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FIG. 8. Magnetization of a-Tmg,5C0p75 vs temperature. The
solid line is a fit of Eq. (2) with positive BY to the data.

Tb (J = 6) than for Dy (J = %) at T = 0 [30], so the leading
second-order term in the local random anisotropy energy is
similar for the two elements. Dy and Tb have random easy
axes distributed over a sphere. The Tm quadrupole moment
and the second-order anisotropy energy have opposite signs,
but the magnitude of the anisotropy is similar for Tb, Dy, and
Tm. See Table S1 in the Supplemental Material [35].

The difference between the two signs of anisotropy is
illustrated in Fig. 9. Weak antiferromagnetic exchange with
Co will select directions for easy-axis anisotropy lying in the
hemisphere around the z direction, opposite to the Co axis
so that the average reduced moment (J;)/J = (cosf),, = %,
where (),, denotes the geometric average over a hemisphere.
Tm is different. The random anisotropy axes are now hard
axes, and equivalent easy directions lie in a circle perpendicu-
lar to the axis. Weak antiferromagnetic exchange with Co now
selects an easy direction in the yz plane as shown in the figure
and (J;)/J = (sinf),, = w /4 = 0.785. Increasing exchange
with Co will narrow the distributions of directions in the
hemisphere and increase (J;)/J in either case. The resulting
sperimagnetic rare-earth distributions are modeled by uniform
distribution of orientations within a cone of half-angle 6, that
gives the correct net rare-earth moment. Note that random
hard axes give a larger net moment than random easy axes.

However, when the random axes are hard, it is insufficient
to consider only the diagonal second-order term. The general
second-order energy surface is not an ellipsoid of revolution
with equivalent directions perpendicular to the hard axis but a
general ellipsoid with three principal axes that depend on the
off-diagonal Stevens operator (A)% = %(ji +J%). The energy

Dy
0 Co 6 ~ Co

\_J (a) ™ (b)

FIG. 9. Random anisotropy in a hemisphere (a) easy axis and (b)
hard axis.

surface in the plane is no longer a circle but an ellipse, and the
easy axis no longer lies in the yz plane. The z projection of the
moment in the weak exchange field from cobalt is therefore
less than 7 /4.

Terms of fourth and sixth order in the local crystal field
theory represent the interactions of the 16-fold (hexadecapole)
and 64-fold moments of the 4 f electronic charge distributions
with the appropriate local electric field gradients. The diag-
onal Stevens operators include terms that vary as jj and jﬁ
respectively, whose influence falls off rapidly with increasing
temperature, but there are also terms in lower even powers of
jf that contribute to the uniaxial anisotropy. The higher-order
terms that influence the variation of the rare-earth magnetism
at low temperature are opposite in sign to the second-order
anisotropy for Tb (fourth order) and Dy (sixth order) [30].
Details are included in Sec. S3 in the Supplemental Material
[35].

The J values for Dy, Tb, and Tm are 7.5, 6, and 6, re-
spectively, and the magnetic moments m of the 4 f shells are
10 ug, 9 ug, and 7 pg. Gd, by contrast, has no 4f quadrupole
moment, and it is insensitive to local electrostatic fields; its
4f magnetic moment of 7 ug has purely spin character. The
a-Gd,Co;_, alloys are ferrimagnets, whereas the amorphous
alloys a-R,Co;_, with Tb, Dy, or Tm are sperimagnets. All
four exhibit compensation near or below room temperature
when x ~ 0.25. Their 4 f spin angular momenta in units of 7
are 3.5, 3, 2.5, and 1, respectively, so the R-Co exchange en-
ergy is expected to decrease in this sequence. The a-Y,Co;_,
alloys are ferromagnets, provided any 4d moment on yttrium
can be neglected (Fig. 1). Those alloys are very soft, with a
coercivity of order 1 mT at 300 K [18].

B. Sperimagnetism
1. Tb and Dy

It is clear from Figs. 4 and 6 that the amorphous Tb and Dy
alloys are not collinear ferrimagnets, at least in their ground
state. If they were, the measured moments at low temperature
would be 4.1 ug and 5.1 pg, respectively, assuming the same
collinear cobalt moment of 4.9 ug, as measured for a-YCos by
magnetization and XMCD [18] and ignoring any contribution
to the rare-earth moment from the 5d conduction electrons.
(If a 5d contribution of 0.5 ug and 0.4 pg, respectively, is
included, the expected values are 4.6 ug and 5.5 pg.) The
measured values of 1.2 uz and 2.0 uz at low temperature
are notably smaller. Our extrapolated Dy moment of 7.5 ug
[Fig. 2(d)] is consistent with literature values that range from
6.7 ug to 8.5 ug, depending on the choice of moment for
Co and the precise composition and preparation procedure
[15,17,19,20,22].

The cobalt subnetwork is strongly ferromagnetic and in-
sensitive to local atomic-scale random anisotropy at the cobalt
sites because of the exchange averaging [18]. The Curie
temperature of a-YCoj is Tc &~ 760 K [28,29], and the cor-
responding molecular field coefficient nco—co = 7,./C, where
C = pynguzS(S + 1)/3kg is the Curie constant. The Weiss
molecular field H{>° = nco.coM, where the magnetization
M = ngugS and n is the number of Co atoms per m? [30]. It
follows that the exchange field depends on T¢, the effective
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2. Local anisotropy
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FIG. 10. Classical picture of the magnetic moment of a rare-earth
atom at site i in an amorphous rare-earth cobalt alloy subject to a
molecular field B,, from the cobalt along the —z axis and uniaxial
anisotropy directed along a local axis z; making an angle 6; with the
Z axis.
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The exchange field ungf"Co acting on the ferromagnetic
cobalt is 855 T, assuming S = 1 and g = 2. The exchange
energy is 1137 K/Co atom, and the ratio o of anisotropy to
exchange energy is 0.005 [18].

The reduction in rare-earth moment of Tb and Dy is at-
tributed to a much greater ratio of random anisotropy energy
to exchange energy than in Co. In amorphous a-Gd,Co;_,,
where there is no random anisotropy, the low-temperature
moment of a-Gdy 22Coy 73 of 2.0 ug per formula unit [36] cor-
responds to the full metallic moment of 7.6 pg per Gd, taking
the cobalt moment as 1.6 yg. To analyze the noncollinearity
of Dy and Tb, we need to know the magnitude of the random
anisotropy and the magnitude of the R-Co exchange energy
acting on the rare earth.

The local anisotropy energy rare-earth atom in a magnet-
ically ordered a-R,Co;_, alloy with second-order uniaxial
local anisotropy of uniform magnitude that is not a small
perturbation on the exchange is properly described by the
one-atom Hamiltonian

H; = 3B (Jocost; + Jesind)” — (1)37] — gund.BEC.
2
The first term in Eq. (2) is the axial second-order crystal-
field energy, where the parameter B) combines information on
the quadrupole moment of the rare-earth atom and the local
electric field gradient that will depend on the composition x.
The second term is the Zeeman energy in the exchange field
approximation where g, = 2S5/J is the spin g factor for the
heavy rare earth since the exchange interaction couples Co
and rare-earth spins. In the Weiss molecular field theory, we
would use the Landé g factor and replace B.x by Byw. Here,
0; is the angle between the magnetization axis of the cobalt
subnetwork and the local uniaxial symmetry axis z; that is
different at every rare-earth site. The vector model of Fig. 10
is the classical representation of the model of Eq. (2).
The complete description of the second-order crystal field
of arare-earth atom includes another off-diagonal energy term

ey

B202 in the Hamiltonian describing the asymmetry of the
energy in the plane perpendicular to the local easy axis, which
now depends on two angles and involves all three operators
jx, jy, and J . [37,38]. The local second-order energy surface
is a general ellipsoid with three principal axes, one easy and
two hard, or vice versa.

An approximation valid in the limit when «, the ratio
of anisotropy to exchange energies 383 / gSuBJBg;CO, is <1

replaces the first term in Eq. (2) by DJ% with D = 3BY in-
stead of Bg(iji -J 2); the term in brackets is (")0, the Stevens
operator equivalent for the diagonal term in the electrostatic
quadrupole interaction referred to the local easy axis. This
small-o approximation is the Harris, Plischke, Zuckerman
model [39], but the J? term with diagonal elements J(J +
1) is needed to ensure that the anisotropy vanishes at high
temperatures when all the My, states of a particular single
ion are equally populated. It is equivalent to representing
the leading term in the bulk magnetocrystalline anisotropy
by K| sin?(6—¢). The local anisotropy is exchange-averaged
by the exchange field when ¢ < 1, as in a-Y,Co;_,, but
when o 2 1, the local magnetization direction approaches
z; and (6; — ¢) becomes small; the small-o approximation is
no longer valid because sin?(§; — ¢) is then always less than
cos 6;.

We assume further that both B., and Bg have the same
magnitude at every site and are independent of temperature.
The assumption for B is justified by the high 7¢ of a-YCos
and previous measurements on this alloy [18]. Values of Bex
and Bg = D/3 are then needed to define . The anisotropy
parameter has been estimated experimentally for several sys-
tems of rare-earth rich amorphous R-X alloys, where R = Tb
or Dy and X = Cu, Ag, or Au, which exhibit spin freezing
at temperatures in the range 20-70 K [40]. For example,
a value of D = 3 K was deduced from the large linear
low-temperature specific heat of a-Dyg4;Cugs9 [41]. Simi-
lar estimates of D were based on the approach to saturation
of a-Ry 50Ago.50 alloys [42,43]. The electric field gradient at
the rare-earth site in transition-metal-rich a-Ry 25Ty 75 alloys
should be greater than it is in a-RX because of the shorter av-
erage nearest-neighbor distances. Estimates may be obtained
from a-Ry»5Nig75 [43,44], where the Ni is nonmagnetic but
similar in size to Co. Random spin freezing then occurs as a
result of weak R-R exchange and random anisotropy at 10 K
for R = Dy. This indicates that R-R exchange can be neglected
in our system. A fit of the linear magnetization curve at 1.4 K
in high fields from 8 to 15 T, where the moment per Dy is
~6 ug gave D = 5.8 K [44]. The corresponding spin-freezing
temperature and D for Tb would be 12 and 6.1 K, scaling
by the rare-earth spin and quadrupole moments, respectively
[30]. Substantially larger values of D have been reported in
sperimagnets where the rare earth is simultaneously subject
to random anisotropy and a large molecular field from cobalt
[37,45,46].

In Fig. 11, we show a plot of the zero-temperature reduced
magnetization (J;)/J vs o over the range 0 < o < 6, calculated
from Eq. (2), where (J;) /J = (m)/my is evaluated for different
values of o by diagonalizing the one-atom Hamiltonian of
Eq. (2) and averaging over the axes in a hemisphere. The plots
forJ = % (Dy) and J = 6 (Tb) are very similar.
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FIG. 11. Reduced low-temperature magnetization (m)/my calcu-
lated from Eq. (2) for J = % Dy or J = 6 Tb atoms with random
easy-axis anisotropy as a function of @ and for J/ = 6 Tm atoms
with random hard-axis anisotropy as a function of —c, the ratio of

anisotropy to exchange energy per atom.

When o < 1, we find the classic approach to saturation for
randomly oriented uniaxial particles varying approximately
as 1/B%, which was recently reevaluated by Zhang et al.
[47]. The exchange energy a-GdCosss, where there is no
random anisotropy can be deduced from the compensation
temperature, which is 315 K [36]. The exchange field Bey re-
quired to induce a magnetization of 5.68 ug, the Co moment at
this temperature [18], is 145 T for a Brillouin function B7,,(x)
with g = 2 (Sec. S3 in the Supplemental Material [35]). For
the other heavy rare earths, the random anisotropy prevents
the exchange field from aligning the moments along z, so the
corresponding magnetic energy is less than that expected for
the moment calculated from the Brillouin function. Based on
the fits of the theory of Eq. (2) to the values of (J;)/J near and
above compensation in Figs. 4, 6, and 8, the values of By, Bg,
and « listed in Table S2 in the Supplemental Material [35] are
obtained.

The difference between Bg for Tb (—1.4 K) and Dy
(—3.5K) is surprising. The electric field gradient A3 should be
the same in each case because the structure of the a-R( »5Coq 75
alloys hardly depends on the rare earth. Since BY = 6,(r?)
A9, where 65 is the quadrupole moment and (r?) is the mean
square rare-earth radius, the electrostatic quadrupole interac-
tion at low temperature will vary as 6, (r?)[3J> — J(J + 1)]
for alloys of different rare earths with the same structure.
This quantity is almost the same for Tb and Dy (Table S1
in the Supplemental Material [35]), so why are the BY values
so different? The likely explanation lies in the higher-order
axial crystal field terms. The operator 02 contains terms in J ;‘,
which become significant only at low temperatures, but also
terms in j? that add to or subtract from « deduced from the
fits. The signs of 6, (r?) Og(O) and 0,4 (r*) Og(O) are the same
for Dy and opposite for Tb; the different values of « from the
fits are reconciled if B) = 3.9 K and B} = 1.5 x 107* K.

However, the temperature dependence of the rare-earth
moment calculated from Eq. (2), which has zero slope at
T = 0 as expected, deviates obviously from the experimen-
tal remanence data for Dy and Tb <~50 K. The fits give
moments (m(0)) of 5.9 ug and 6.4 pg for Dy and Tb, respec-
tively, with corresponding cone angles 6, of 80° and 67°, but

the measured or extrapolated magnetizations near 7 = 0 are
greater, and the sperimagnetic cone angles are smaller. These
low-temperature values are 7.5 pgz and 60° for Dy and 6.9 ug
and 59° for Tb.

The model of Eq. (2), based on a uniaxially symmetric
local crystal field parameterized by a single constant BY or an
equation with two constants BY and B is oversimplified and
underestimates the low-temperature moments significantly.
The other second-order parameter B% reflects the asymmetry
of the crystal field energy in the plane perpendicular to the
local hard axis, while the fourth- and sixth-order terms reflect
components with cubic or hexagonal symmetry. Higher-order
diagonal terms with opposite signs to the second-order term
make the local energy surface more spherical and reduce the
energy for thermal excitation. The importance of the higher-
order terms at low temperature is recognized in crystalline
rare-earth metals and intermetallics such as Nd,Fe;4B [3],
which becomes noncollinear with fourfold magnetic sym-
metry <135 K, and SmCos, where the sixth-order term
contributes to the uniaxial anisotropy at low temperature [48].
Unlike a-YCo, where the random anisotropy is exchange-
averaged because @ < 1, both a-DyCo; and a-TbCoj; are in
a strong pinning region « > 1, where the local anisotropy is
not a small perturbation but is comparable with the exchange.
The coercivity of several Tesla at low temperature in these
amorphous magnets is the result.

On increasing temperature toward compensation, the mag-
nitude of the rare-earth moment is reduced by thermal
excitation of excited M, states, but the anisotropy is si-
multaneously weakened, and it falls off more rapidly with
temperature than the magnetization, thereby narrowing the
cone. We can calculate this effect for Dy in a-DyCojs using
the data in Fig. 4 and the fit to Eq (2). If we assume that the
thermal average of the magnitude of the Dy moment (m(T))y,
follows a Bys,, Brillouin function in the exchange field from
Co, scaled by the Co magnetization calculated from § = 1
molecular field theory (the case with no random anisotropy
and a ferrimagnetic structure), the values are 7.5 ug, 6.2 ug,
and 5.1 ug at 200, 300, and 400 K, respectively. The measured
values are 5.3 ug, 3.8 ug, and 3.0 pg. The cone angle has been
reduced from 80° at 200 K to 65° at 400 K. The sperimag-
netic structure may approach collinear ferrimagnetism close
to T¢, but it persists well above room temperature in a-DyCos.
In a-TbCos, however, there is little difference between the
300 K moment of 3.9 uz and 3.5 pg that would be induced
by the fitted exchange field of 77 T on the J = 6 Tb atom,;
the sperimagnetism there is a low-temperature phenomenon,
with Tb noncollinearity becoming important only below room
temperature. The temperature sequence of the magnetic struc-
ture as a function of temperature in an a-DyCo; film with
perpendicular magnetic anisotropy is illustrated schematically
in Fig. 12.

2. Tm

A plot of the magnetization of a-Tmj;5Co75 as a function of
temperature was shown in Fig. 8. The magnetization is essen-
tially constant <20 K. The average low-temperature moment
of Tm there is 830 kA m~! or 5.8 ug along z, whereas the mag-
netic moment of the Tm atom is 7.0 ug, giving (J,/J) = 0.83
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FIG. 12. Sequence of magnetic structures found with increasing
temperature in a-DyCos on passing through compensation in a field
greater than the spin-flop field.

at T ~ 0 and a rather narrow cone angle 6y = 50°. The fit
values are 0.84 and 47°.

An important point here concerns coercivity, which is
related to difficult-to-surmount barriers between moment-
reversed micromagnetic states. It is governed by the rare earth
because, as we have emphasized, random anisotropy in the
cobalt subnetwork is exchange-averaged to zero. Reversal of
a rare-earth moment with easy-axis anisotropy involves over-
coming a barrier where the moment is perpendicular to the
easy axis. There is no such barrier in a hard-axis system where
all directions in the plane perpendicular to the hard axis are
equally easy. The contrast between the Tm and Dy or Tb thin
films is striking, particularly around compensation (Figs. 3,
7, and S3 [35]). The small residual coercivity for Tm at low
temperature may be related to surface states since it is smaller
in thicker films. An asymmetry of the second-order interaction
is introduced by the off-diagonal second-order term in the
crystal field O3, which selects a preferred direction within
the easy plane, so the system has a distribution of weakly
preferred easy axes at low temperature [38], with low-energy
barriers that create little coercivity.

We have calculated the reduced moment vs the ratio —«
of random anisotropy to exchange for Tm, J = 6, which was
compared with the one for positive « for Tb, J = 6, in Fig. 11.
The fit to the data in Fig. 8 is poor at room temperature, but
it is improved by increasing the magnitude of BY to a value
closer to those for Dy and Tb.

C. Perpendicular magnetic anisotropy

The magnitude of the intrinsic perpendicular anisotropy
in the a-DyCo; and a-TbCos films [220 kJ m~3, including
the room-temperature estimate of 28 kI m~3 from the linear
in-plane magnetization of film 2 in Fig. 2(a)] is smaller than
that inferred from the perpendicular magnetization curves
of a-Y,Coi_, (46 kIm?), where the large net magnetiza-
tion lies in-plane [18]. This suggests that cobalt rather than
the rare earth may be the principal source of perpendicular
anisotropy in the Dy and Tb films. Several possible origins of
the anisotropy have been discussed in the past, but it is diffi-
cult to disentangle them in any particular case. They include
surface contributions from the upper and lower surfaces of the
thin film, a bulk term associated with substrate-induced strain
during deposition, and a structural term due to alignment of
R-T pairs at the surface [49], R-Co pairs perpendicular to the
film surface [50], or oxygen in the structure [51]. Further-
more, the local easy axes of rare-earth atoms at the surface or

interface will no longer be random and isotropic. Nanoscale
inhomogeneity in the form of columnar rare-earth clusters
has been demonstrated for a-Gd,Fe;_,, and the degree of
atomic order or clustering varies with film thickness [52].
A straightforward empirical separation of bulk and surface
contributions based on their scaling with film volume and area
is obtained from a plot of #K. vs f, where K is the total
effective anisotropy and ¢ is the film thickness. This gives
the bulk and surface contributions from the slope and y-axis
intercept, respectively. Applied to a-Tbg 1,Coq gg, the method
showed that the surface contribution favors an easy plane and
the bulk term an easy axis, with a crossover <10 nm [32], like
our a-Dy(15Cog.75. However, the bulk term changes sign in
response to some change of composition [42] or amorphous
atomic structure with film thickness, which is best ap-
proached by a systematic empirical exploration of the effect of
growth parameters, such as was carried out for a-GdFeCo by
Hansen et al. [7]. Perpendicular anisotropy in the Tm system
was discussed in Sec. III C. In all three cases, the anisotropy is
perpendicular when the magnetization is <250 kA m~!. The
anisotropy becomes in-plane for larger magnetization because
of the shape anisotropy of a thin film.

D. Compensation

The behaviors of a crystalline anisotropic antiferromagnet
and a crystalline anisotropic ferrimagnet at compensation are
similar; two rigid sublattices, A and B, are coupled by inter-
sublattice exchange, represented in molecular field theory by
a Weiss field Hyw = nagM,, where M,, « = A, B, are sublat-
tice magnetizations and nap is the intersublattice molecular
field coefficient. The compensated ferrimagnet behaves like
an antiferromagnet in a field applied parallel to the antifer-
romagnetic axis (Néel vector) defined by the anisotropy field
H, = K/uoM,, and both undergo a spin-flop transition to a
canted configuration in a critical field Hy given by [30]

I_Isf = 2\/ (HaHW) (4)

that is valid provided Ty is much less than the Néel tem-
perature Ty since the parallel susceptibility x| can then be
neglected compared with y; = M,/Hw = —1/nag. The net
magnetization in a field H applied perpendicular to the an-
tiferromagnetic axis is 2My,H /Hw. By convention, nap is
negative, and the vectors M and Mp are of opposite sign.
Spin flops are observed in antiferromagnets over a wide range
of temperatures since My = Mp. It is also possible to flop the
magnetization of a ferrimagnet in a narrow range of temper-
ature on either side of compensation where M, # Mp in a
field greater than H¢, provided the net magnetization is small.
Ferromagnetic saturation requires a much larger applied field,
of order Hy.

Crystalline [53,54] and amorphous ferrimagnets such as a-
Gd,Co,_, and a-Gd,(Fe, Co),_, [7,34,55-57] flop similarly
in fields applied parallel to the anisotropy axis (anisotropy is
essential; otherwise, the antiferromagnetic axis would fluc-
tuate spontaneously). Written in terms of the anisotropy
constant K, Eq. (4) becomes

K
Hy =2 < ) (®)]
MoXL
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FIG. 13. Anomalous Hall voltage for a-DyCos at saturation in
14 T measured with a current of 1 mA. Insets show the tempera-
ture dependence of the spin-flop field >175 K and the temperature
dependence of the anomalous Hall voltage.

Equation (5) emphasizes that the spin flop depends on
essentially two physical quantities: the bulk anisotropy and
the susceptibility perpendicular to the antiferromagnetic axis.

Sperimagnets at compensation differ from antiferromag-
nets or ferrimagnets at compensation. The rare-earth subnet-
work is not rigid, and its resultant magnetization does not
respond like a single vector. It is a frustrated system with local
anisotropy competing with the exchange field from cobalt.
The initial perpendicular susceptibility will be much greater
than the value —1/nag & 0.01 expected in a system of two
rigid sublattices.

Figure 13 shows measurements of the AHE of sperimag-
netic a-DyCos in fields of 14 T over the temperature range
from 10 to 300 K. Unlike an antiferromagnet, where there
is a well-defined spin flop in a field H that increases with
decreasing temperature, a ferrimagnet or sperimagnet shows
a spin flop at Teomp in a field H} and incipient spin flops that
begin at I-Is(l’c and increase linearly with |7 — Tiomp|; the net
moment close to compensation is proportional to [T — Teomp|-
In Fig. 14, the incipient spin flop for the cobalt subnetwork
at 200 K is indicated by the purple arrow. A plot of Hy vs
temperature in an inset to Fig. 13 extrapolates to noH§ = 2.0
T at Teomp = 175 K. The slope M vs |Hy — H}| is 9 x 107,
We can estimate HS(} from Eq. (4) if we know Hy and H,. Tak-
ing K} =22kIm~ and M, = 700kAm~!, H, = K/juoM, ~
10> Am~!. The exchange field acting on the cobalt subnet-
work is 98 T (Table S2 in the Supplemental Material [35])
or 78 MA m~!; hence, the estimated value of /LHS% is 7T,
notably more than the extrapolated value, as discussed above;
a spin-flop field of 2.0 T requires x; = 0.1. The susceptibility
at compensation for Tm (Fig. 7) is likewise much greater than
expected from the value of the exchange field B,x = 104 T.

A feature if the hysteresis loops in Fig. 14 is that the de-
viation from saturation of the cobalt magnetization measured
by AHE sets in close to zero field below compensation and at
higher field above compensation. This is unlike a-Gd(Fe,Co),
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FIG. 14. Examples of the 14 T Hall loops measured above and
below Tiomp = 175 K. The decreases in high fields above and below
Teomp are due to incipient spin flops.

where the deviation from saturation is symmetric below and
above Teomp [56], see Sec. S5 in the Supplemental Material
[35]. In a sperimagnet, the asymmetry reflects the dominant
magnetic subnetwork. It is Dy below and Co above compensa-
tion. Whereas the magnitude of the Co subnetwork moment is
insensitive to applied field in this temperature range, the cone
angle of the Dy will be reduced with increasing temperature;
the effect of an applied field of 5 T will be to increase or
decrease the Dy average moment by ~5% below or above
compensation, respectively. There is little evidence of any
temperature-dependent 5d/6s Dy contribution to the AHE be-
low compensation in the top inset to Fig. 13 [33].

The spin flop at compensation was illustrated schemati-
cally in Fig. 12. Above compensation, the magnitude of the
Co subnetwork is dominant, and both the Dy moment and the
random anisotropy are reduced with increasing temperature,
leading to a smaller cone angle 6y and a more collinear sper-
imagnetic structure, which will have become ferrimagnetic
near the Curie temperature.

E. Sperimagnetic domains and all-optical switching

Our study of partial single-pulse all-optical toggle switch-
ing by XPEEM in a-DyCo; confirms that the effect is
observed both above and below the compensation temper-
ature, but the laser power required to switch the domain
structure increases in the same way with decreasing temper-
ature as the local anisotropy energy. It is the magnitude of
the local rare-earth anisotropy that controls the switch, not the
macroscopic magnetization or the anisotropy field.

The point of interest in the context of magnetism of sper-
imagnetic a-DyCos is the domain size in the demagnetized
state. The domains are not fixed regions of the film that switch,
but they appear in different positions every time. Switching
seems to be uncorrelated with defects or spatial inhomogene-
ity in the film. The domain size lies mostly ~200 nm at 300 K
(Fig. S1 in the Supplemental Material [35]) and changes little
down to 29 K. The model of three-dimensional wandering-
axis ferromagnetism applied to a-YCos, where the domain
size varies as 1/a? [18], predicts domains two orders of mag-
nitude smaller than those we observe. The 10 nm film really
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is a two-dimensional micromagnetic system, and the behavior
appears to be related to the perpendicular magnetic anisotropy,
which also varies little with temperature. In this respect, the
sperimagnetic domains are akin to the maze domains found in
ferromagnetic thin films, which are also related to perpendic-
ular magnetic anisotropy [21].

It is interesting that complete single-pulse all-optical toggle
switching is a purely thermal effect that has only been found
in films of ferrimagnetic a-RT alloys containing Gd [58] or
Mn-based films of crystalline ferrimagnetic metals [59]. The
common feature is an element (Gd, Mn) with an atomic con-
figuration corresponding to a stable half-filled shell, 4f7 or
3d’, having a first excited multiplet at an energy greater than
that of the laser pulse. Hund’s third rule is respected in the
excitation process.

V. CONCLUSIONS

It is a formidably complex challenge to provide a complete
account of the random crystal field acting on the magnetism
of the rare earth in these amorphous alloys. There are up to 11
crystal field parameters, each with a distribution of magnitude.
Even with complete magnetic data on isostructural alloys of
all eight trivalent rare-earth atoms with an orbital moment,
the experimental problem is underdetermined. The progress
here depended on a comparison of three elements with similar
magnitudes but different signs of the electric quadrupole and
hexadecapole interactions, in different ranges of temperature.

Most striking perhaps is the tighter sperimagnetic cone
angle and the absence of any large divergent coercivity at
compensation in the hard random-axis Tm case, unlike the
soft random-axis Tb and Dy cases. Also noteworthy is the
low value of the Dy spin-flop field at compensation, associ-
ated with the large transverse susceptibility of the non-rigid
sperimagnetic subnetwork.

The extrapolated rare-earth contribution to the low-
temperature magnetization of amorphous DyCo; and amor-
phous TbCos is reduced to ~75% of the 4 f atomic moment
by the noncollinear magnetic structures attributed principally
to random uniaxial magnetic anisotropy at the rare-earth sites
and a negative sign of the quadrupole moment of the 4f
charge distribution. Below 50 K, higher-order terms in the
local crystal field interaction varying as JZ“ and Jf reduce the
strength of the easy-axis anisotropy and the sperimangnetic
cone angle 6y. The angle is also reduced by thermal exci-
tations, but the magnetic structure only approaches collinear
ferrimagnetism at temperatures well above 300 K for Dy and
>300 K for Tb. The rare-earth moments in these random
easy-axis rare-earth systems become Ising-like at low temper-
atures in the absence of exchange, with admixtures of M; = J,
J—2,J—4, and J — 6 in the ground state. Coercivity is
large (&3 T) because magnetization reversal is difficult to

nucleate and coercivity tends to diverge with the anisotropy
field at compensation. The spin-flop field of only 2 T for
Dy is explained by the large transverse susceptibility of the
frustrated noncollinear rare-earth subnetwork.

Amorphous TmCoj3 also exhibits compensation, but the
4f quadrupole moment is positive, leading to random local
hard-axis anisotropy, with easy directions in a perpendicular
plane for each atom. Coercivity is small, and the resulting
uniaxial anisotropy is only half as strong as it is in the random
easy-axis case; there is no divergence at compensation. The
sperimagnetic cone angle is smaller than it is for the easy-axis
rare earths, and the low-temperature Tm moment is 85% of the
atomic value. XY-like behavior at low temperature is modified
by the off-diagonal second-order crystal field, which mixes
M; = 2 into the M; = 0 ground state, favoring an axis in the
perpendicular easy-plane and increasing 6y.

The single-pulse optical partial toggle switching in 10 nm
a-DyCos is shown to be a stochastic process, unrelated to
defects in the thin film, which requires increasing laser energy
as the Dy anisotropy increases at low temperatures. The sper-
imagnetic domain size appears to be set by the perpendicular
magnetic anisotropy.

A remaining open question is whether the ground-state
magnetic structure evolves continuously from weak to strong
pinning as a function of o or whether there is an abrupt
transition, as suggested by early small-scale computer sim-
ulations [60]. Another is the role of random anisotropy, rather
the Dzyaloshinskii-Moria interaction, in favoring skyrmions
in the weak-pinning limit [25,26].
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